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I. INTRODUCTION 



In this work we present results for the dynamic current partition in phase-coherent, 
mesoscopic conductors in the presence of oscillating voltages applied to the contacts of the 
sample. The time- dependent oscillating voltages cause small departures of the sample away 
from its equilibrium state. A specific configuration of conductors is shown in Fig. 1. The 
contacts are numbered consecutively, k = 1,2, 3. The structure which connects contacts 2 
and 3 is called the "conductor". A second structure, which interacts with the conductor 
only via long range Coulomb forces and is connected to a single contact A; = 1, is called 
the "gate". The currents are generated by a small oscillating voltage 6Vk{u!) applied to the 
contact of the gate or one of the contacts of the conductor. The task is to find the oscillating 
current 6Ik{uj) at contact k of the structure. Below we emphasize the need to find a current 
conserving answer, J2k^h{^) = 0, to this problem. 

For single charges moving in the electric field of an arrangement of capacitors a current 
conserving answer was given by Shockley and Ramo [0. Clearly, in the problem of interest 
here, we deal not with the motion of single charges but face a many electron problem. Despite 
this, a part of the theoretical literature takes the discussion of Shockley and Ramo to derive 
expressions for the current of a conductor in the form of a volume integral over the velocities 
of the carriers Any mutual interaction between the carriers is negelcted. Another larger 
portion of the literature is even less perceptive and treats frequency dependent transport 
as a linear response problem to an electric field which is supposed to be known. In the 
most naive examples the electric field is taken to be uniform even for conductors which are 
strongly inhomogeneous The extent to which this approach is accepted is illustrated 

by the fact that this portion of the literature includes authors which are famous for their 
contributions to solid state physics 0. 

The ac-response of non-interacting carriers is not current conserving: Application of a 
time-dependent field to the sample of Fig. 1 will give rise to currents at the terminals of the 
gate and the conductor which are unrelated to one another. In reality currents are necessarily 
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conserved |^ . Current conservation is closely related to the fact that the electrical response 
of a conductor depends only on voltage differences. Hence an interpretation of a linear 
response calculation of independent electrons in terms of dynamic conductance coefficients 
is not possible] 

It is remarkable that the problem addressed here, which is so central and basic to solid 
state electronics, has found so little attention. We can cite only a few works where the 
authors express a similar perception [^|lOl- Below we emphasize the need of a charge and 
current conserving approach to ac-conductance and exemplify this with a discussion of the 
ac-response of the conductor shown in Fig. 1. We restrict our attention to mesoscopic 
conductors: It is assumed that carriers inside the sample are subject to elastic scattering 
and are subject to (long range) Coulomb forces. There is no inelastic scattering within the 
sample. The discussion of the dc conductance of mesoscopic conductors has already taught 
us that we must focus on the entire conductor including its current and voltage contacts 



Tl| . To discuss ac-conductance we must take an even a wider view and consider not only 
the conductor but also other nearby metallic bodies [|T2|. In the sample of Fig. 1 the "gate" 
is such a nearby metallic body. Fortunately, there is currently a growing experimental 
interest in the ac-properties of small mesoscopic conductors. A recent experiment by Pieper 
and Price determines both the real and imaginary part of the ac-conductance of a metallic 
diffusive Aharonov-Bohm loop over a wide range of frequencies ||13| . A theoretical discussion 



of these results is presented by Pieper and Price using a diagramatic approach and by 



Liu et al. using the results of Ref. These results should be contrasted with earlier 



work on metallic wires by Webb et al. and De Vegvar et al. [|T6| which found a non 



linear response even at very low voltages and very low frequencies. For the work presented 



here the experiment by Chen et al. |]T^ which measures the magnetic field symmetry of 



capacitance coefficients |]12| on a large two dimensional electron gas is of particular interest. 
The geometry of this experiment corresponds to that of Fig. 1. Below we state the results 
for the low frequency admittance of this geometry. 

The relationship between the currents at the contacts of the sample and the time- 



dependent potentials applied to the contacts of the sample is given by a dynamic conductance 
or admittance 

8h = Y.Gki{ujWM. (1) 

I 

We emphasize that this conductance is a response to oscillating electro- chemical potentials 
/ifc = eVk of the contacts. Current conservation implies that the rows and columns of the 
dynamic conductance matrix add up to zero, 

Y.Gki{uj) = Q, (2) 

I 

EG'hM = 0. (3) 

k 

The sum rules Eq. (H) and are the same for the frequency dependent admittance as for 
the elements of the dc conductance matrix [0]. As in the dc-case these sum rules of the 



admittance matrix guarantee that the currents depend only on voltage differences. 

We exemplify the structure of a current conserving answer with a discussion of the 
admittance to leading order in frequency. For small frequencies we find 

Gu{uj) = Gum - ^^Em + 0{uj'). (4) 

Here Gki{0) is the dc-conductance. For the configuration of Fig. 1 the dc- conductances 
are related G22 = G33 = —G23 = —G32 = G{0). All other elements of the dc-conductance 
matrix vanish since the configuration of Fig. 1 allows direct transmission only from contact 



2 to contact 3. In Eq. (|J) the term multiplying the frequency is called an emittance |]12 
In general an element of the emittance matrix might be dominated by capacitive effects or 
kinetic inductive effects resulting from direct transmission between contacts k and /. The 
gate in Fig. 1 is coupled to the conductor in a purely capacitive way and hence the emittances 
describing this coupling are just capacitance coefficients, E^i = Cm if either = 1 or / = 1. 
There is direct transmission from contact 2 to 3, and therefore, the emittances Eki which 
connect these contacts can in general also contain inductive effects. Thus the emittance 
matrix for the conductor of Fig. 1 is of the from. 



E = C21 E22 E23 . (5) 
V C31 E22 -E33 / 

Eq. (0) implies that the rows and colums of the emittance matrix add up to zero. Below we 
derive explicit expressions for the emittances and capacitances which are current conserving. 

Consider next the configuration shown in Fig. 2. Here the "conductor" is a ring with an 
Aharonov-Bohm (AB) flux threading the hole and connected via leads to electron reser- 



voirs |I9|. The dc-conductance exhibits sample specific AB-oscillations with fundamental 
period $0 = hc/e. Below we show that all coefficients of the emittance matrix are similarly 
periodic functions of the AB-fiux. Even so only electrons in the "conductor" have the pos- 
sibility to circle the AB-fiux long range Coulomb interactions induce an electron density in 
the gate which is also a periodic function of the AB-fiux. As a consequence we predict that 
the capacitance coefficients in Eq. (^) are also periodic functions of the AB-fiux pO[. Of 
particular interest is the symmetry of these transport coefficients under reversal of the AB- 
fiux. We will show that the elements of the emittance matrix obey a reciprocity symmetry, 
Eki{^) = Eik{—^). This symmetry applies in particular also to the elements of the emittance 
matrix which are purely capacitive. Hence we predict that there are capacitance elements 
in Eq. (H) which are not even functions of flux. If we cut the conductor and consider a 
sample as shown in Fig. 3, which consists of capacitors only, all elements of the emittance 
matrix are purely capacitive. Again, long ronge Coulomb interactions cause all elements of 
the capacitance tensor to be periodic functions of the AB-fiux. However, in contrast to the 
configuration of Fig. 2, all capacitance elements of the sample in Fig. 3 are even functions 
of the AB-fiux. The key difference between the samples of Fig. 2 and 3 is that the "con- 
ductor" in Fig. 2 represents a capacitor plate with two contacts, whereas in Fig. 3 each 
capacitor plate is connected to a single contact. Microscopically these differing symmetries 
of the capacitance coefficients originate from the fact that the capacitance coefficients in 
Fig. 3 represent a long range Coulomb coupling between the full equilibrium densities of 
each conductor whereas in the sample of Fig. 2 the capacitance coefficients couple only to 



partial densities of the " conductor" . 



II. CHARGE AND CURRENT CONSERVATION 



In the presence of ac-transport current conservation is a consequence of the long range 
nature of the Coulomb interactions. In the absence of such interactions the continuity 
equation 



can be applied separately to the conductor and to the gate. The volume delimited by the 
surface shown as a broken line in Fig. 1 defines surfaces 5*^ where it intersects the reservoirs. 
We can evaluate the currents across these intersections and can evaluate the charge on the 
gate and on the conductor inside the volume delimited by these surfaces. The current at 
the terminal of the gate is equal to the time derivative of the total charge on the gate 
—iuj6Qg{Si,u!) = 6Ii{Si,uj). The currents at the terminals of the conductor are related to 
the total charge 6Qc{S2, S3, u) on the conductor, —iLj6Qc{S2, S3, u) = 5/2(5*2, lj) + 6I3{S3, uj). 
In the absence of interactions the currents at the conductor are not conserved nor are they 
in any way related to the current at the gate. Furthermore, the currents and charges depend 
on the exact location of the surfaces Sk- In an interacting system a time-dependent voltage 
applied to the contacts of the sample leads to an internal time dependent Coulomb potential 
6U{r,uj) and to a displacement field 6d{r,uj) which is via the Poisson equation related to 
the piled up charge density div6d{r,uj) = —A7T6n{r,uj). If the Poisson equation is combined 
with the continuity equation, Eq. (j^), then the total current density is conserved. 



Here the total current density is the sum of the "displacement" current and the "particle" 
current, 6j{r,uj) = —i{uj/A7c)6d{r,uj) + 6jp{r,uj). The total current density has no sinks 
or sources. Consider the volume Q as shown in Fig. 1. The total current flowing across 



iu6n{r, u) + div6j{r, a;) = 



(6) 



div6}{r, u) = 0. 



(7) 
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the surface S into this volume is zero. For an arbitrary choice of the volume Q the total 
current density is not spatially limited to the contacts of the conductors. But assume that 
the contacts are good metallic conductors which screen any electric fields over distances of 
a Thomas-Fermi screening length. This permits us to chose the volume Q so large that no 
electric field lines will penetrate its surface. We can assume that the surface of Q intercepts 
the electron reservoirs at a distance which is sufficiently far from the connection of the 
contact to a lead. At such distances electric fields are screened efficiently. Now if there 
are no electric field lines penetrating the surface of Q, the current must be confined to the 
reservoirs. Current conservation now means that the sum of all currents in the contacts of 
the sample must add up to zero, 

E^^fcM = o- (8) 

k 

Since there are no electric field lines which penetrate the surface of fl the total charge in Q, 
according to Gauss, is also zero, 

SQicu) = 0. (9) 

For the conductors of Fig. 1, Eq. implies that any charge accumulation on the conductor 
is compensated by an equal charge of opposite sign on the gate. If the capacitance of the 
conductor vanishes, then the total charge on the conductor must vanish. In that case, 
application of an ac- voltage can polarize the conductor but cannot lead to a total fiuctuating 
charge on the conductor. In the non-interacting case, the currents and charges depend on 
the exact location of the surfaces, irresepctively on how far out in the reservoir the surfaces 
are located. In contrast, in the interacting case, the currents are independent of the exact 
choice of Q, once the intersections are deep in the reservoirs. 

The task at hand is not trivial since the electric field or potential must be known to find 
the correct answer. The potential is, however, not a single particle property, but depends on 
the location of all mobile carriers, their separation among themselves and their separation 
to the ionic lattice, sheets of donors etc. The solution of this problem depends, therefore, 
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on the approach taken to handle the many body problem. We presented solutions using 
three different simple schemes: (a) A discrete potential model approximates the potential 
landscape with the help of a finite number of discrete potentials. In the simplest case only one 
potential per conductor is introduced (b) For metallic conductors with efficient screening 
the local potential landscape is determined in Thomas-Fermi screening approximation pi 



(c) For conductors as shown in Fig. 1 for which long range Coulomb forces matter, the 



potential landscape is determined in a Hartree-like approximation |112|,|20|. This list should 
eventually be extended to a Hartree-Fock approach to include exchange and to density 
functional theory to include exchange and correlations. 

Quite generally we approach the task as follows : First we derive an external response: 
The currents are found in response to an oscillating c/iem2ca/ potential at a contact. During 
this step the Coulomb interaction is switched off but the response is calculated with the 
help of the wave functions of the self-consistent equilibrium problem. In a second step the 
Coulomb potential caused by the additional injected charges is evaluated. In a third step 
the current response due this internal potential is found. 



III. EXTERNAL RESPONSE DUE TO OSCILLATING CHEMICAL 

POTENTIALS 

In electrical conductors one has to distinguish electro-chemical potentials fik, chemical 
potentials Epki''^) and the electro-static potential eU{r). At equilibrium these potentials 
are related, ^k = Epkij^) + eU{j). In a first step we evaluate the response to an electro- 
chemical potential oscillation edVk{t) = d^k{t) assuming that it is caused by an oscillation 
in the chemical potential edVk{t) = dfik{t) = dEpkit) in contact k. In reality, of course, 
the contact, except where it narrows into a lead, has to be charge neutral. To achieve this 
we will then in a second step calculate the potential and restore charge neutrality in the 
contacts. To obtain the leading order frequency dependent terms in the external response 
we proceed as described below. 
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We assume that the conductors of interest are described by scattering matrices s^; which 
give the out going current amphtudes in the asymptotic states of contact k in terms 
the incoming current amphtudes in contact /. For the conductor of Fig. 1, the scattering 
matrices are, 

/sii \ 

S22 S23 . (10) 
V S32 S33/ 

The matrix S is unitary and due to micro-reversibihty ||2^ we have S*(— $) = S^^($) and 
consequently S"^(<l') = S(— $). The elements of the scattering matrix are explicit functions 
of the energy of the incident carriers, the AB-flux (except for the elements of Sn), and are a 
functional of the electrostatic potential U{r). (The self-consistent potential U also depends 
on the AB-flux and depends on the electro-chemical potentials). To brief we will not write 
s-matrix elements as a function or functional of all these quantities but only emphasize the 
argument most important for the immediate discussion. The density of states at the Fermi 
energy in the gate is 

dNu 1 



dE 



Tr 



^iiy-'^J—r^ T^^^iH^J 



dE 



dE 



(11) 



The density of states in the conductor is a sum of four contributions, 
dNki 1 



dE 



Tr 



t , .dskiiEl dsUEl ■ 



dE 



dE 



(12) 



where k,l = 2, 3. The scattering matrix sm determines the out going current amplitudes in 
contact as a function of the current amplitudes of the incident waves. Thus the density 
of states given by Eq. (|12[) represent a partition of the total density of states according to 
the origin (injecting contact) and destination (emitting contact) of the sample. (A portion 
of the total density of states of the conductor might consist of localized states which are 
disconnected from any contact. At this stage the localized states do not play a role. Later 
on, to determine the screening properties of the sample, we will have to consider not only 
the mobile states, but also the localized states). 
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A small increment in the Fermi energy dEpiit) at the gate injects an additional charge 
dQ{t) = {edNii/ dE)dEpi(t) onto the gate. This charge flows to the gate through contact 1 
and gives rise to a current at this contact given by dli{t) = dQ/dt. For a sinusoidal variation 
of the chemical potential dEpi{t) = dEFiexp{—iujt) we find thus at contact 1 a current 

dhiuj) = -iuje\dNu/dE)dVi{uj), (13) 

where edVi (uj) = dEpi (c<j) has been used. Consider now the conductor with two contacts. A 
chemical potential variation edV2{uj) = dEp2{i^) at contact 2 leads to an additional charge 
{edN^2/ dE + edN22/dE)edV2{uj) on this conductor. Now the fact that we have scattering 
matrix expressions (see Eq. (p!2D) for these charges helps us further. Apparently it is only 
the additional charge dQ^i^uj) = e{dN32/dE)edV2{uj) which leads to a current at contact 3, 
whereas dQ2{uj) = e{dN22/dE)edV2{uj) is determined by carriers which leave the conductor 
through contact 2. Therefore, charging of this conductor causes currents 

dl^{uj) = -iuje^{dNki/dE)dVi{uj). (14) 

at its contacts. Since direct transmission between contact 2 and 3 is possible, an oscillating 
voltage causes in addition at these contacts a current determined by the dc-conductance. 
Thus the leading low frequency-current response to an oscillating chemical potential edVk{uj) 
is given by an external response [§] 

Gl,{uj) = Gh(0) - iuoe\dNkildE). (15) 

This external response is not current conserving. Since for the dc-conductances we have 
Z^fcCfc^O) = Z); Cfc^O) = find that to leading order in frequency Y.kG%i{uj) is propor- 
tional to the total charge injected from contact / into the conductor. This charge is deter- 
mined by the injectance J2k{dNki/dE) of contact I. Similarly we find that to leading order 
in frequency J2i Gli{uj) is proportional to the total charge that is emitted by the conductor 
through contact k. This charge is determined by the (unscreened) emittance J2i{dNik/dE) 
of contact k. Only if for some reason the injectances and emittances vanish would we have 
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current conservation. We mention only in passing that in the absence of a magnetic field 
the injectance and emittance of each contact is equal. 

The injected charges create an internal, time-dependent Coulomb potential 6U{r,t). 
This time-dependent electro-static potential will in turn cause additional currents. We next 
investigate the response to such an internal electro-static potential. 



IV. RESPONSE TO AN OSCILLATING ELECTRO-STATIC POTENTIAL 

We are interested in the currents generated in the contacts of a sample in the presence 
of an oscillating potential 6U{r, t). We can Fourier transform this potential with respect to 
time and consider a perturbation of the form u{r){U+:^exp{—iujt) + U-:^exp{+iujt)). Since the 
potential is real we have ?7_^ = U^^. The response to such a potential can be treated using 
a scattering approach ||21]]: Due to the oscillating internal potential a carrier incident with 



energy E can gain or loose modulation energy hu) during refiection at the sample or during 
transmission through the sample. The amplitude of an out going wave is a superposition of 
carriers incident at energy E and at the side-band energies, E ± huj. In the low-frequency 
limit of interest here the amplitude of the out going waves can be obtained by considering 
the scattering matrix Sjsi{U{r,t), E) to be a slowly varying function of the potential U{r,t). 
Since the deviations of the actual potential away from the (time-independent) equilibrium 
potential Ueq{r) are small, we can expand the scattering matrix in powers of 6U{r,t) = 
U{r,t) — Ueq{r). To linear order the amplitudes of the out going waves are determined by 
Ski{U{r,t), E) = Ski{Ueq{r) , E) + {6ski/6U{r))6U{r,t). Evaluation of the current at contact 
k gives pi 



<fv{dn{k,T)/dE)u{r)U+^. (16) 
Here we have introduced the (local) density of states 



dn{k,T)ldE = -{^)Y.Tr 



(17) 
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of carriers at point r which are emitted by the conductor at probe k. We refer to this density 
of states as emissivity of the sample into contact k. In Eq. ( p!7| ) the summation over / invokes 
a single term / = 1 for the gate and invokes the terms I = 2 and / = 3 for the currents at the 
contacts of the conductor. The scattering matrices are evaluated at the equilibrium chemical 
potentials E = fii of the gate and E = fj,2 = fj,3 of the conductor. For later reference we also 
introduce the injectivity 



dn{v,l)/dE = -i^)Y.Tr 



(18) 

where again the summation invokes just A; = 1 for the gate and invokes both k = 2 and k = 3 



for the conductor. A more detailed derivation of Eq. ([Tq) can be found in Ref. It is 
useful to express the response to the internal potential in the from of a conductance defined 
as SIk{uj) = Gl{uj)U+^. Comparison with Eq. (|1^ gives for the internal conductances 

Gliuj) = ie^u J dh{dn{k,r)/dE)u{r). (19) 

We note that the internal conductance, in contrast to the external conductance, contains no 
dc-contribution. A static potential that vanishes far out in the leads cannot produce a dc- 
current P3|,p3. A static potential variation in the interior of a conductor just brings us from 
a conductor with one equilibrium potential configuration to another conductor with another 
equilibrium potential configuration. The absence of a dc-term in Eq. ( |T9|) re-emphasizes 
that the dc-transport is a consequence of differences in electro-chemical potentials at the 
contacts rather than an acceleration of carriers due to an electric field. 

In the presence of an oscillating voltage at contact / the current at contact k has two 
contributions determined by the external response Gli and by the internal response G].. But 
the internal response given by Eq. (p!9| ) contains an as yet undetermined internal potential. 
To complete the calculation of the total response we must find the dependence of the internal 
potential on the oscillating electro-chemical potentials of the contacts. Fortunately, in the 
low-frequency limit of interest here, it is sufficient to find the dependence of the internal 
potential on the electro-chemical potentials in quasi-static approximation. 

12 



V. CHARACTERISTIC POTENTIALS 



Let us first consider a steady state of tlie configuration of Fig. 1. We allow for 
dc-transport and will consider the time-dependence later. The electro-static potential 
/X2, /^3, 1") for these conductors is a function of the electro-chemical potentials, and 
a complicated function of position. Small increases in the electro-chemical potentials 
dfii,dfi2,dfi3 will bring the conductor to a new state with an electro-static potential 
f/(yUi + dfii,fi2 + dfi2, fJ'3 + dfis). The difference dU between these two potentials can be 
expanded in powers of the increment in electro-chemical potential. To linear order we have 

edU{iJ,i,H2,lJ^3,r) = ^Uk{r)diJ,k. (20) 

k 

Here Uk{r) = edU{fii, fi2, fi3,r)/dfik\df_i^=o, with k = 1,2 are the characteristic potentials 
H^. These characteristic functions determine the electro-static potential inside the sam- 



ple in response to a variation of an electro-chemical potential at a contact. These static 
characteristic potentials are what we need to complete our calculation. 

The characteristic potentials are the solutions of a Poisson equation with a non-local 
screening kernel: 

- AMfc(r) + 47re2 j rfVn(r, r>fc(r') = A7re^idnkir)/dE)u. (21) 

The source term {dnk{r)/dE)u is the injectivity of contact k: The charge density injected 
into the conductor as a consequence of a small increment in the electro-chemical potential 
at contact k. The injectivity is given by Eq. (0). The screening kernel is determined 
by the charge density response function 11, which to be brief, we call Lindhard function. A 
potential acting on the sample, in the absence of long range Coulomb interactions, generates 
an induced charge density 

dn.Ur) = -J rfV'n(r, r')erff/(r'). (22) 

Note that the Lindhard function describes the variation of the charge density not only of 
the mobile electrons which can be reached from the contacts but also of the localized states 
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which might exist inside the conductors or the gate or somewhere in the volume Q. If the 



source term e^dn^ir) / dE)u in Eq. ([2T| ) is replaced by a test charge e5(r — rg) which is 
concentrated at one point tq, the solution to Eq. (|21| ) is Green's function g{v, ro). With the 
help of Green's function we find for the characteristic function, 



Mfc(r) = j d\'g{r,T'){dnk{r')/dE)u. 



(23) 



Since an equal increment of the electro-chemical potential at all contacts by dfi only changes 
the energy scale but must leave all densities unchanged M, the charcteristic functions must 



add up to one at every point 12 



k 



(24) 



This implies for Green's function, the property ||T2 



d\'g{r,r')J2{dnk{r')/dE)u 
k 



1. 



(25) 



The same relationship follows from the condition that the sum of all induced charge densities 
plus the test charge is zero. Eq. (^) is an important result of this section: It will be used 
to demonstrate charge and current conservation of the admittance. 



VI. THE ELECTRO-CHEMICAL EMITTANCE MATRIX 

The charcateristic potentials determine the quasi-static potential inside the conductor. 
In response to an oscillating voltage edVk{uj)exp{—iujt) = dfik{uj)exp{—iujt) the internal po- 
tential is given by ec?[/(/xi, /i2, /U-s, u;, r) = J2k'^k{Ti^)dfik{^)- Inserting this into the expression 
for the internal conductance we find upon comparison with Eq. (^ the following expression 
for the emittance: 

Eki = e^{dNki/dE) - J d^r J d^r'{dn{k,r)/dE)g{r,r'){dn{r' J) /dE). (26) 

To understand Eq. ( [25| ) it is useful to consider for a moment the configuration in Fig. 3. 
Here we have cut the " conductor" . Thus in this configuration there is no transmission. The 

14 



emittance coefficients given by Eq. (p6D determine the electro-chemical capacitance matrix 
of this configuration, E^i = Cm- In this configuration the first term in Eq. ( pG]) is non- 
vanishing only in the diagonal terms. The non-diagonal terms are negative. Furthermore, 
since each capacitor is coupled to a single contact the injectivity and emissivity in Eq. ( |26D 
are identical, dn{k,r)/dE = dn{r,k)/dE. Hence the capacitance matrix has the symmetry 
Cki = Cik- 

For the conductors shown in Fig. 1 and 2 the topmost row and the first column of the 
emittance matrix consists of puerly capacitive elements since the first term in Eq. (^61) 
vanishes. However the emittance elements E22, E^2, E23 and E33 represent a competition 
between two effects: The first term in Eq. (^) is a kinematic term due to the fact that we 
have direct transmission from contact / to k. It is a kinetic inductance which is counterbal- 
anced by the second, capacitive term in Eq. (pG]). Depending on the transmission properties 
of the sample and the screening properties of the conductor either the kinetic inductance 
can dominate and give a positive emittance or the capacitive effects can dominate and the 
non-diagonal elements of the emittance are negative. 

VII. MAGNETIC-FLUX SYMMETRY OF THE EMITTANCE MATRIX 

In this section we discuss briefly the symmetry of the low frequency transport coefficients 
under reversal of the magnetic flux. The electro-chemical emittances are periodic functions 
of the AB-flux $ with fundamental period hc/e. Here we are concerned with the symmetry 
of these coefficients as the polarity of the flux is reversed. First consider the geometry of 
Fig. 3 in which all conductors are coupled purely capcitively. In this case the emissivities 
and injectivities in each conductor are identical, dn{k,r)/dE = dn{r,k)/dE and represent 
a change in the equilibrium density of the conductor. But the equilibrium density of the 
conductor is an even function of flux, dn{^,r)/dE = dn{—^,r)/dE. The same conclusion 
follows immediately from the scattering matrix expressions for these densities. Similarly, 
since the Linhard function gives the change in density as we go from one equilibrium state 
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to another, the Lindhard function is also an even function of flux. Consequently, in the 
purely capacitive geometry of Fig. 3 the electro-chemical capacitance coefficients are all 
even functions of the flux, Cki{^) = Cki{—^)- We have shown earlier that the capacitance 
coefficients in this configuration are also symmetric, Cfc/($) = Czfc($). 

Consider next the conductor of Fig. 2. The Lindhard function is again an even function of 
flux. But now the emissivities and injectivities of the "conductor" are not identical. Instead 
they obey a reciprocity relationship, dn{^,r, k)/dE = dn{—^,k,r)/dE. This is seen most 
directly by using the scattering matrix expressions Eqs. ([ISD and ([T8|) for these densities. As 
a consequence the electro-chemical emittance matrix has the reciporcity symmetry, Eki{^) = 
Eik{—^)- Only the diagonal elements of the emittance matrix are even functions of the flux. 
Of particular interest is the fact that this symmetry also applies to the purely capcitive 
elements of the emittance matrix. Thus for the conductor in Fig. 2 the capacitance elements 
obey = Cjtz(— $). There are thus purely capacitive elements of the emittance matrix 

of the conductor in Fig. 2 which are not even functions of magnetic flux. This is in stark 
contrast to the capacitance matrix of the conductor in Fig. 2. 

In the geometry of Fig. 3, the injected charge is determined by a single density of 
states dnk{^,r)/dE which is equal to the injectance and is equal to the emittance of this 
conductor. In contrast in the conductor of Fig. 2 the capacitance coefficients and the 
emittances are determined by the injectivities and emittances of differing contacts. Each 
of these densities represents only a portion of the total local density of states (of mobile 
carriers). The total local density in the conductor is equal to the sum of the injectivities 
of both contacts, dn{r, 2)/dE + dn{r, 3)/dE and is equal to the sum of the emissivities into 
both contacts dn{2, r) / dE + dn{3, r) / dE. The capacitance elements in the geometry of Fig. 
3 are even functions of flux since the total local density of states counts. In contrast the 
differing properties of the capacitance and emittance elements of the conductor of Fig. 2 are 
due to the fact that the emissivities and injectivities represent only a portion of the total 
local density of states. 

This novel prediction of the symmetry of capacitance elements was tested in an experi- 
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ment by Chen et al. |T^. The symmetry predictions for a conductor in a uniform magnetic 
field are the same as those discussed above for an AB-flux. The conductor (a high mobihty 
two-dimensional electron gas) used by Chen et al. has the same topology as the conductor 
in Fig. 1. A gate was made which only partially overlaps the edge of the conductor. The 
capacitance elements of the gate with respect to the contacts of the two dimensional electron 
gas are shown to exhibit a very dramatic asymmetry: The full geometrical capacitance is 
obtained for one polarity of the field whereas the capacitance elements nearly vanish for 
the other field polarity. The emittance elements which describe dynamic corrections to the 
dc-conductance are harder to measure than the capacitance coefficients. 

VIII. DISCUSSION 

We have emphasized the need for a current conserving approach to frequency dependent 
conductances. An illustration of such a theory for low frequencies has led to novel transport 
coefficients which are determined by effective, local density of states. Measurements of these 
transport coefficients provides information on the charge and potential distribution inside 
the sample. 

Clearly, experiments which demonstrate an AB-effect in an electro-chemical capacitance 
would be fascinating. Such experiments would highlight that these coefficients should not 
be treated as geometrical constants, but like conductances, represent information on the 
physical properties of samples. An electro-chemical emittance has been measured in the 
experiment by Pieper and Price |jl3| and has been shown to exhibit AB-oscillations over the 
entire accessible range of frequencies |jl5|. AB-oscillations in a capacitance coefficient are 



likely to be an even more challenging task since the AB effect in the capacitance is likely 
only a small correction to a geometrical capacitance. 
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FIGURES 

FIG. 1. A gate at electro-chemical potential coupled capacitively to a conductor with con- 
tacts at clcctro-chcmical potentials //2 and A Gauss volume 0, is chosen such that no electric 
field lines penetrate its surface. 

FIG. 2. A gate coupled to a doubly connected conductor. An AB-flux $ threads the hole of 
the loop. As a consequence of the long range Coulomb interaction the densities of the conductor 
and of the gate depend on the AB-flux. 

FIG. 3. Arrangement of capacitors each connected to a single electron reservoir. One capacitor 
plate is a loop threaded by an AB-flux All elements of the electro-chemical capacitance matrix 
are (even) functions of flux. 
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